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Abstract

Let E be an elliptic curve over Q of conductor N with ordinary reduction at a prime p,
and let K be a real quadratic field in which all the primes ¢| N are split. Write ¢ for the
normalised newform associated to E via Shimura-Taniyama. By Hida's theory, ¢ arises as
the specialisation in weight 2 of a family {fi} of forms of varying weight k. We construct
a p-adic analytic function £(x) which interpolates certain Shintani cycles attached to fx
and the real quadratic field K. When p divides N exactly, we show that £(k) vanishes to
order > 2 at k = 2. Our main result expresses the second derivative of L(k) at k = 2 as
the product of the formal group logarithms of two global points on FE, each defined over a
quadratic extension of K. This theorem can be viewed as an extension to elliptic curves of
a limit formula of Kronecker, in which Eisenstein series are replaced by cusp forms.

1 Introduction

Let K be a real quadratic field of discriminant A > 0 and write H;( for the Hilbert narrow
class field of K. We shall also let the mapping a — o' stand for the non-trivial automorphism
of K over Q (i.e., the generator of Gal(K/Q)). By a genus character of K we understand an
everywhere unramified! quadratic character of the absolute Galois group Gal(K/K) of K.
We remark that any such g may as well be viewed as a (quadratic) character of the Galois
group C} = Gal(H ;; /K). Any non-trivial genus character cuts out a biquadratic extension
Ky = Q(v/01,1/02) of Q fitting into the following diagram:

Hie

Kg = @(\/0717 \/@)

o
~
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where A = 0105. In fact the genus characters of K are in a one-to-one correspondence with
the factorisations of A into a product of two relatively prime fundamental discriminants 04
and 09, or what amounts to the same thing, in one-to-one correspondence with the unordered
pairs (x,,X,) of primitive quadratic Dirichlet characters of coprime conductors satisfying
X:X. = Xx, Where x, is the Dirichlet character associated to K (cf. [S], Chap.II, §1.)
Under such bijection, the trivial genus character corresponds to the factorisation A =1-A
(or equivalently, to the pair (X, Xx))- If we write oy for the Frobenius element in Cj
attached to a prime ideal A of Ok, then the pair (x,,Xx,) is uniquely characterised by the
relations

g(on) = gloa) = x, (6) = x, (), (1)

valid for any rational prime ¢ which splits in K as {Ox = A - ). The analogous identity at
infinity is

9(c) = x, (=1) = x, (=1), (2)

where ¢ € Gal(Q/Q) is the complex conjugation. A genus character is called even (resp.
odd) if g(c) =1 (resp. g(c) = —1). Equivalently, g is even (resp. odd) if and only if it cuts
out a totally real (resp. totally imaginary) quadratic extension of K. It is therefore obvious
that if g is even (resp. odd), then so are both characters x; and x2. We fiz once and for all
a genus character g, giving us a unique pair of Dirichlet characters attached to it.

Let now A be an element of the narrow ideal class group of K; a group which is canon-
ically, by global class field theory, isomorphic to C?}. Choose a representative a of A and
without loss of generality assume that a acquires a Z-basis of the form {1,7}. Also let €, be
the fundamental unit of K of positive norm [i.e., €, is either the fundamental unit u, > 1
of K or the square of that depending on whether Norm g q(u, ) > 0 or Normg /q(u, ) < 0].
On writing

fyA;:(CCL Z), where €, 7 =ar +0b, €x =T +d (3)
one readily verifies that the matrix 7, is a hyperbolic element of SL2(Z) whose fixed points,
as a Mobius transformation acting on the upper half-plane H, are 7 and 7’. Finally, upon
setting

(z—1)(z—1")

= Z 4
Q)= Cgis ezl (1)
and assuming that g is even, one has (cf. [S], Chap.II, §3) the following analogue of Kro-
necker’s solution of Pell’s equation in the context of real quadratic fields:
2h1ha
ZA:Q(A)C(TI,,YA) = \/Z 1Og €1 IOg €2, (5)

where A runs over all the elements of the narrow ideal class group of K, where ¢; and h;
(resp. €2 and hs) are the fundamental unit and the narrow class number of the field Q(1/01)

(resp. Q(1/02)), and where
Cr) = [ T og (1Y@ P)Q) .
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is the so-called Shintani cycle associated to the data described above. Here the base point
29 is an arbitrary point on the geodesic joining 7’ to 7 in the upper half-plane H, and

o
,’7(2) — e27riz/24 H(l _ eQTrinz)’ ~eH.
n=1

is the celebrated eta-function of Dedekind. It is known (cf. [K], Chap. III, §2) that 7 is
intimately related to the Eisenstein series F5(z) of weight two. More precisely, Ea(2) is, up
to a constant, the logarithmic derivative of n, viz.

n'(z)  2mi

dlog n(z) := o) ﬂEﬂz)

The goal of the present paper is to replace the weight 2 Eisenstein series Eo(z) with a
cusp form g of even weight k > 2 and then investigate the p-adic variation of the Shintani
cycles attached to K and various specialisations of a Hida family interpolating g.

To begin with, let v € SLy(Z) be a hyperbolic element of the group SLy(Z) and assume
that g(z) is a cuspidal modular form of even weight k on some congruent subgroup of SLa(Z).
The Shintani cycle attached to g and -y is the integer

cwmw=éﬁw(/wbuwwﬂffw), ©)
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where ), is a suitable period depending only on g (introduced in Section 2) and Q(z,y) is
a binary quadratic form that is fixed by =, i.e., the roots of Q(z,1) are the fixed points of
. The quantities C(g,) are known to encode interesting arithmetic information, for they
are related (see for instance §6 of [P]) to central critical values of the L-series of g over the
splitting field of Q(z,1) [i.e., the real quadratic field generated over Q by the fixed points of
~]. This very fact has been successfully exploited by several people to study in particular
the p-adic variation of the quantities C(g,7) as g varies in a “family”. More concretely,
suppose that

6(z) = and”, (7)

n=1

is a normalised newform of weight 2 on I'g(N) and assume that the p-th Fourier coefficient
a, of ¢ is a p-adic unit. In a canonical way, Hida’s theory associates to ¢ a family {fz} of
normalised eigenforms of weight k on T'g(N), for all even integers k > 2 in a suitable p-adic
neighbourhood U of 2 (see Section 3 for the details). In “good” circumstances one can prove
that the assignment

k— C(fr,7)

extends to a p-adic analytic function of kK € U. Therefore it is natural to consider the special
values of the resulting function as well as its successive derivatives and wonder if one could
describe those values in terms of other arithmetic objects.



Assume henceforward that ¢ has rational Fourier coefficients, and let E be the elliptic
curve defined over Q of conductor N attached to ¢ via Shimura-Taniyama. We further
assume that the prime p divides N exactly [i.e., p| N but p? { N]. This amounts to saying that
E has multiplicative reduction at p, and it therefore implies that a, = +1. We shall write
N = pM. Before stating the main theorem, some further notations are to be introduced.

We let g € pZ, be the Tate period attached to F, and write

CDTate : Q; /qZ — E(Qp) (8)

for the Tate uniformization whose existence is guaranteed by the fact that p is a prime of
multiplicative reduction for E. Let

log,, : Q; — Q, 9)

stand for the branch of p-adic logarithm which satisfies log,(¢) = 0. The two maps ®rate
and log,, are used to define the formal group logarithm

logp : E(Qp) — Qp
by the rule
log(P) = 10g, (P (P)). (10)

Note that this is well-defined since ¢% C ker(log,). One easily sees that the mapping logy
is a group homomorphism.

N
For each divisor d|N with ged(d, H) =1, we let wq stand for the eigenvalue of the Fricke

involution Wy acting on ¢, namely,

Wilo)z) =l (L) () = wa-0(2) (1)

For j = 1,2, we write (E(Q(y/9;)) ® Q)% for the subgroup of the Mordell-Weil group
E(H};) on which the group Gal(H;;/K) acts via the character x,. If all the primes (| N are
split in K, then

Main Theorem (i) There exists a p-adic analytic function L(k) of k, defined over a suitable
p-adic neighbourhood U of 2, which interpolates the g-twisted Shintani cycles

S 0(A)C(fir ),
A

for allk € UNZ>2.

(ii) Suppose further that E has at least two primes of multiplicative reduction, that x,(—N) =
wy and that x, (p) = ap. Then:

(a) L(k) vanishes to order at least two at k = 2;



(b) There exist global points Py € (E(Q(v/01)) ® Q)X and Py, € (BE(Q(V02)) ® Q)X> and
a non-zero rational number t such that

d2
dr?

(¢) The two points P\ and Py, are both of infinite order if and only

L(r)| = tlogu(Py, ) logp(Py, ) (12)
L"(E/K,g;1) #0.

Note the strong analogy between (12) and (5). In fact, the Main Theorem illuminates
another instance of the close parallel between units of number fields and points on elliptic
curves. The Dirichlet unit theorem is analogous to the Mordell-Weil theorem ; Stark units
are number field counterparts of Stark-Heegner points on elliptic curves; to name just a few
examples.

Remark 1.1. In this remark only assume that the prime p is inert in KX (while we continue
to assume that all the prime divisors of M are still split in K) and that K has narrow class
number one. If the other hypotheses are as before, then Bertolini and Darmon [BD1] prove
that there exists a global point P on E and defined over K, such that

d .
%C(fka’)/,q)‘kzg = 1OgE(P)7

where the symbol = denotes the equality up to an explicit non-zero fudge factor. They also
show that the point P is of infinite order if and only if

L'(E/K,1) #0.

Indeed, the present work has been influenced by [BD1], a source from which many
constructions and results have been borrowed.

Acknowledgement 1.2. This article presents the main part of the author’s Ph.D. project
under the supervision of Henri Darmon at McGill University. I hereby would like to express
my indebtedness to Professor Darmon for proposing this project to me. I wish also to
deeply acknowledge his constant help, generosity and encouragement, from which I have
greatly benefited, during the time of preparation of this work.

2 Modular Symbols

2.1 Generalities on Modular Symbols

Definition 2.1. Let Dj denote the group of degree zero divisors on the rational projective
line P;(Q). For an abelian group A, any element of Homgy(Dg, A) is called an A-valued



modular symbol. In other words, a modular symbol m is an assignment which to any divisor
of the form D = (r) — (s) € Dy, where 1, s € P1(Q), attaches an element m{r — s} of A,
and satisfies the relation

m{r — s} + m{s — ¢t} = m{r — t},

for all r, s,t € P1(Q). We denote by MS(A) the set of all such modular symbols.

If A is endowed with a left action of a subgroup G of GL2(Q), then one may let G act
on MS(A) on the right by the rule

(m,y) — m|y,

(my){r — s} := 7" "m{yr — 7s},

where G is acting on P;(Q) on the left by the usual Mobius transformations. Thus, MS(A)
has the structure of a right G-module.

It is readily seen from the definition that a modular symbol m is G-invariant (i.e.,
Stabg(m) = G) if

v tm{yr — s} =m{r — s}, forall y € G,
or equivalently,
ymfr — s} = m{yr — s}, forall y € G.

The set of all G-invariant modular symbols will be denoted by MS_, (A).

2.2 Modular Symbols Attached to Modular Forms

Germane to the investigations of the present article are modular symbols attached to mod-
ular forms. Let

9= an(g)q" € Sk(To(N)) (13)
n=1

be a normalized eigenform of even weight & > 2 on I'y(IN), and denote by K, the field
generated over Q by the Fourier coefficients a,,(g). It can be proved that K is a totally real
number field (cf. [DS], Chapter 6). Whenever necessitated by the context, we will regard the
field K, as a complex field (resp. as a p-adic field) by fixing once and for all an embedding
of K, into C (resp. into C,.)

Let now F' be a subfield of C or C,. For a given k > 2, let P (F') be the space of
homogeneous polynomials of degree k — 2 in two variables with coefficients in F'. The rule

(PR)(X,Y) i= P(aX +bY,cX +dY),  fory = ( “! ) (14)



endows Py (F) with a right linear (i.e., (P1 + P»)|y = Pi|y + Pz|v.) action of GLa(F).

We also denote by Vi (F) the F-linear dual to Py (F). The rule

(v 9)(P) := ¢(Ply), (15)

where ¢ € Vi(F),y € GLy(F) and P € P (F) also shows that Vi (F') inherits a left linear
action by the same group.

The motivation to bring up these spaces is the following well known construction of
Eichler and Shimura which to the form g associates a V(C)-valued modular symbol I, by
assigning to any homogeneous polynomial P(X,Y") in C[X,Y] of degree k — 2 the complex
integral

I,{r — s}(P) := 2mi / ) 9(2)P(z,1)dz, (16)

where the integral is along the geodesic on the upper half-plane joining r and s. One notices
that since g is assumed to be a cusp form, the integral used to define I, is convergent.
The invariance property of the holomorphic differential 27ig(z) under the group T'g(N) also
implies, after a simple change of variables, that the modular symbol Tg enjoys an invariance
property under the action of the same group, i.e., for any v € T'o(N),

I, {7 'r — 7 's}(Ply) = L{r — s}(P).

In other words, Tg belongs to MS,. ,(Vi(C)). One decomposes this latter space as a direct
sum of two eigen-subspaces of the linear involution

m— mfe

-1 0
0 1
¢ normalizes the group T'o(N), i.e. ¢ Tg(N)t = ['g(N), and that :* = 15. This gives
rise to the decomposition of MS, . (Vi(C)) as a direct sum of the two eigen-subspaces
corresponding to the two eigenvalues +1 and —1 respectively. For any I'g(N)-invariant
modular symbol m, write respectively m* and m™~ for the plus and minus eigen-components

of m with respect to the involution above. This being done, we have the following important
theorem of Shimura (cf. [Shim77]).

induced by the matrix ¢ = < ) This is made possible by exploiting the fact that

Theorem 2.2. (Shimura) There exist complex periods Q:{ and €~ with the property that

the modular symbols
1

+ . T+ - . -
I, = @Iw I, = Q—gIg
belong to MSFO(N)(OQ), where Oy is the ring of integers of the number field K ;. These
periods can be chosen so as to satisfy
+0- —
Qg Qg - <gag>,

where (,) is the Petersson inner product on Si(N).



We recall the fixed genus character g and the corresponding pair of Dirichlet characters
(X,,X,) of the Introduction, and set

O Qf if g(c) = +1; I .- Iy if g(c) = +1;
g Q, if g(c) = —1; g I, ifg(c)=-1

2.3 Relation with the Values of Twisted Complex L-Functions

Let x be a primitive Dirichlet character of conductor f. The twisted L-function L(g, x;s)
attached to the cusp form g of the previous section begins life as the Dirichlet series

L(g,x;5) = Y_ x(n)an(g)n"*, (17)
n=1

k41
originally defined over the half-plane Re(s) > % One knows ([Shim72], Chap. 3),

however, that L(g, x;s) has an analytic continuation to the whole complex plane. We wish
now to study the central critical values L(g, x;7) (1 < j < k — 1) of the function L(g, x, s),
by means of the modular symbol I,. So, for any integer a, let

L,[j,a] :==I,{c0 — %}(P(X, Y)),

where P(X,Y) is the degree k — 2 homogeneous polynomial

i—1
P(X,Y) = (X - ?Y)] yk—i-1,

and where the even integer k > 2 is as before the weight of the form g. By exploiting the

0 1 >, one readily verifies that I,[j, a], as a

function of a, is f-periodic, i.e., its value depends only on the class of ¢ modulo §.

invariance property of I, under the matrix (

Before stating the relationship between critical values of L(g, x;s) and I, we need to
recall the definition of the Gauss sum 7(x) attached to x. It should be noted that for the
following definition y need not be primitive; we stick to this assumption, however, because
it is needed in the proposition below. The Gauss sum associated to x is by definition the
quantity

and it satisfies the well known relation |7(x)|? = x(=1)7(x)7(X) = f. For a proof of the
following proposition, the reader is referred to [MTT], Chap. I, §8.

Proposition 2.3. The assumptions being as before, the quantity

(J—Dir(x)

mﬂg,x;j) (18)

L*(g,x; ) ==



is related to modular symbols via the formula

L(g.x:d) = Y, x(@)Ijal. (19)

a mod f

If we further assume that y(—1) = (—1)7~1g(c), then

L*(g,x:J) € K.

The chosen embedding of K, into C, will allow us, in light of the second part of the
proposition, to view L*(g,x;Jj), a priori a complex number and often referred to as the
algebraic part of L(g, x; j), as an element of C,,.

3 Hida Families Attached to Ordinary Forms

We begin by recalling some standard facts concerning the ring of Iwasawa functions. It is a
known fact that the group of p-adic units Z; decomposes canonically as the product of the
group of principal units 1+ pZ, and the group p,,_; of (p — 1)st roots of unity:

2 = () Xy 20)
= <t>w(t)7

where (-) denotes the projection to principal units and where the projection to roots of unity
is given by the Teichmiiller character w(-). One can show that for all ¢ € Z, the relation

(t) = lim¢'~?" holds. Now let
n

A =2,([Z;]) = 1m Z,[(Z/p"2)*], A = Tp[[(1 +pZp)*]]

p

denote the usual lwasawa algebras, i.e., the completed group rings of Z; and (1 + pZ,)*
respectively. For each element ¢ € Z¢, let [t] € Z,[[Z,]] denote the corresponding element
of Zy[[Z,]]. For each continuous character

k:Zy — L)

we denote by the same symbol the unique continuous ring homomorphism & : A — Zy,
sending [t] to (t) for all ¢ € Z. This induces the identification

Z

X = Home (A, Z,) = Home (ZX, 2 ) = oDz

X Ly, (21)

and makes it possible to regard elements of A as functions on the space X and write A(K)
for k(A), where A € A and k € X. One embeds Z into the space X by the rule

k— xp, x(t) :==t""% forteZX.



Reserving the letter s for a generic element of X and following an abuse of notation, we
shall write k in place of its image under the above embedding. It is noted that under such
embedding the element 2 corresponds to the augmentation map on A and A. It is also noted
that X with its natural topology contains Z=2 as a dense subset. Hence, U N ZZ? is dense
in U, for any open subset U of X.

Recall that FE has multiplicative reduction at p. This follows from the fact that the p-th
Fourier coefficient a,, of ¢ is 1, and hence a p-adic unit. Following Hida [H](see also [GS]
and [BD2]), one can attach to ¢ a formal power series

) [e'S)
hoo = Z anqn = Z un(’ﬁ)qn (22)
n=1 n=1

with the coefficients a,, = a,,(k) in the ring A(U) of p-adic analytic functions on an appro-
priate neighbourhood U of 2 € X. We may assume for simplicity that U is contained in the
residue disc of 2 modulo p — 1. This is made possible by the fact that since X is identified
with the direct product of Z/(p — 1)Z and Z,, it could be viewed as a disjoint union of p —1
copies of Z,. The formal g-expansion h, is characterised by the following two properties:

e For any integer k£ > 2 in U, the g-expansion
fo=> an(k)q" (23)
n=1

is a normalized classical eigenform of weight k on T'g(/V). For that reason, the form

(oo}
fe= Z an(fr)q" is often referred to as the weight-k-specialization of he.
n=1
o f2=2¢.

Remark 3.1. While being new at all the prime divisors of M, the form f; (for k > 2) is
old at the prime p in the sense that it arises from a normalised newform fk = Z an(k)g"
n=1

of weight k on I'o(M). More precisely, one has

Fu(2) = fu(z) = By(k) fr(p2),

where (3, (k) is the Frobenius non-unit root appearing in the factorisation of the Euler p-factor
of the L-series of fj, as

1—a,(k)p~+p" 7% = (1 — ap(k)p~*)(1 = Bp(k)p ™).

It is possible to order the Frobenius unit and non-unit eigenvalues a,,(k) and 5,(k) in
such a way that

ap(k) = ap(k), Bp(k) =p" " ay(k)~".

10



With this conventions, one can also verify that if p  n, then a, (k) = a,(fx). Therefore, the
relationship between their associated y-twisted L-functions turns out to be

L(fix:8) = (1= x(p)ap(k) 0" 17%) L(fi, x; 9). (24)

It follows from the preceding discussion that the number field K i generated by the

Fourier coefficients of fk is the same as that of fi; it could therefore, as before, be viewed
as a subfield of both C and C,. Also as in Proposition 2.2, to the form fj are associated
the Shimura periods Qﬁ as well as the modular symbol Iy, . In order to relax the notation,
we shall write

O = Q]jctky I, =1y, L =15 .
We choose Q]f so as to satisfy
Q39,5 = (4, 0), O = (f fr) (k> 2),

and then use them as in (18) to define likewise the algebraic part of the special values of
L(fx,x; s). Note that, with these conventions and for 1 < j < k — 1, one has

L*(fu, x:5) = (1= x(p)ap(k) 0" 79 L* (fu, x3 4)-

To define the algebraic part of the g-twisted L-function L(f/K, g;s) of the form f; over
the real quadratic field K of the Introduction, let us first remark that, just by comparing
the Euler factors at various primes, one verifies the relation

L(fk/K7g;S):L(fk7X1;8)L(fk7X2;S)' (25)

The algebraic part of L(fx/K, g;s) is now defined as the quantity

AT 2D K g s). (26)

LU/ K 8:9) = omiarp

4 Measure-Valued Modular Symbols

Let
L, :=72=17,®Zy (27)

denote the standard Z,-lattice in QIQ,. For any Z,-lattice L in QZQ,, we write L’ for the set of
primitive vectors in L, that is, the set of those vectors v € L which are not divisible by p in
L:

L':=L\pL={veL : v¢pL}. (28)
Note, for example, that

L, = (Zy x 2 ) U (L) X pZyp), (29)

11



which is a simple consequence of the fact that Z, = Z) U pZy.2

We equip the space of continuous C,-valued functions on L with the right action of
GL2(Z,) defined by the rule

b
(F|’Y)($’y) = F(CLI + bya cr + dy>7 fOI‘ v = ( CCL d > )

and with a topology given by the sup norm. Its continuous dual, denoted D, is called the
space of measures on L), The action of the group Z;5 on L, given by t(z,y) := (tz,ty) gives

rise to a natural A-module structure on D, by setting

I

for all t € Z). If X is any compact-open subset of L', we adopt the common notation

/qu::/ 1x Fdu,
b'e L,

where 1x is the indicator (i.e., characteristic) function of X. Note that the group GL2(Z,)
also acts on D, on the left by translation, so that

JRCE / | (Pl

Denote by I'g(pZ,) the group of matrices in GL2(Z,) which are upper triangular modulo
p. The space D, is endowed, for all k € Z=2, with a I'¢(pZ,)-equivariant homomorphism

F(e,y)d([t] - u)(z.y) == / F(tz, ty)du(z, y),

’ ’
* *

pre i Dw — Vi(Cp), = pr(p)
defined by the rule
p(P)i= [ Plag)due.y).
Zp XLy

One easily notes that any mapping p : A — B between abelian groups induces a mapping
on modular symbols MS(A) — MS(B), m — p(m), by the rule

(r,5) = p(m{r — s}).

In particular, the homomorphisms pg, for all k& > 2, lift to homomorphisms on modular
symbols. Tt can also be verified that such lift will send T'g(M )-invariant D,-valued modular
symbols to I'g(N)-invariant Vi (C,)-valued modular symbols (cf. [GS]). That is to say, each
Pk gives rise to a mapping

Pk - MSFG(M) (D*) - MSFO(N)(V]C)?

which is, just for simplicity, denoted by the same letter.

2The symbol LI stands for the disjoint union.
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We denote by AT O A the ring of power series with coefficients in C,, which converge in
some neighbourhood of 2 € X', and set

Df :=D, @4 AT
It
= A1p1 + - A phy, with /\jEAT, ty € Dy,

is any element of DI, then there exists a neighbourhood U, of 2 € X on which all the
coefficients A; converge. Call such a region U, a neighbourhood of regularity for .

Given k € Uy, a continuous function F(z,y) on L, is said to be homogeneous of degree
k — 2 if F(tz,ty) = t"?F(z,y), for all t € Z). For any x € Uy, and any homogeneous
function F(z,y) of degree k — 2, the function F' can be integrated against p by the rule

/qu::)\l(k‘)/qu1+--~—|—)\T(k:)/quT,
X X X

for any compact-open X C L.

The space MS,, (D) s equipped with a natural action of the Hecke operator Uy,
given by the formula

p—1
/demv=w}—§;/ (Florz Ydpufrar — vas),

VG(X

where for each 0 < a < p—1, v, := ( (1) Z > Let MSCF)“?M)( «) denote the ordinary

subspace of MS,, ,, (D), and set
rd L rd
MS?O(]W) (D*)T T MSEO(JW)( ) I AT C MS. (M)( T)'

Given p € M8 (D,)!, the measure p{r — s}, for r,;s € P1(Q), may be viewed as an

To(M)
element of DL and a common neighbourhood of regularity U, for all the measures u{r — s}
can be chosen. This makes it possible to define py(p) for all k € U, N Z=2. All this being
said, we record the following important result of Greenberg and Stevens [GS].

Theorem 4.1. (Greenberg-Stevens) There exists a neighbourhood U of 2 € X" and a

measure-valued modular symbol u, € ./\/l‘S";“(iM)(D*)T which is regular on U, and satisfies

the following two conditions:

1. For each k € U NZ=2, there exists a scalar A(k) € C,, such that
Pk () = A(K) L. (30)

In other words, for any r,s € P1(Q) and any homogeneous polynomial P(X,Y) €
P, (C,) of degree k — 2, we have

| P = s} = T — s} (P(:. ). 31)
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2. A(2) =1.
Remark 4.2. According to Proposition 1.7 of [BD2] the neighbourhood U in the statement
of theorem above may be chosen so as to satisfy
k) #0, forall ke UnNz=2

We assume, from now on, that this has been done.

It will be important to know what happens if we integrate a homogeneous polynomial of
degree k — 2 against the measure ji. over the larger domain L, = (Z, x Z)) U (Z)\ X pZy).
Such identity is furnished by the next proposition whose proof is explained in [BD1].

Proposition 4.3. For any r,s € P;(Q) and for any homogeneous polynomial P(X,Y) €
P (C,) of degree k — 2, we have

[ Pndudr = s} = X0~ 0622l = 5} (P2, 1) (32)

*

Let D denote the A-module of compactly supported measures on
W= Q2\{(0,0)} ={veQ; : v#(0,0)},
and put DT := D ®A AT. The space D, is contained in D by viewing elements of D, as
measures on W with compact support in L}. In Proposition 1.8 of [BD2] (see also [BDI]), a

family {y,} of Df-valued modular symbols indexed by the Z,-lattices L in Q2 is attached
to p. by exploiting the action of the group

3= {7_ ( ot ) € GLa(Z[1/p]) : M|ec, det(y)> o}. (33)

c

Proposition 4.4. There exists a unique collection {1, } of Df-valued modular symbols,
indexed by the Zy-lattices L C Q2, and satisfying

Lopy, = s
2. For all v € >, and all compact-open X C W,

/ (Fhy)dp, {yr — s} = / Fdu, {r — s}. (34)
X X
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5 p-Adic L-Functions

In this section we recall the definitions and/or some basic properties of various L-functions
which play a role in this article. Our account will be very brief, and we will only provide
references for the convenience of the reader.

5.1 Mazur-Swinnerton-Dyer p-Adic L-Function Attached to F

The article [MTT] (see also [GS]), based on ideas of [MSD], explains how a one variable p-adic
L-function L,(g, x;s) could be attached to any pair consisting of an ordinary® normalised
eigenform g on I'y(N) and a Dirichlet character x of conductor prime to N, viewed as a
character with values in C)\. If x is the trivial character, we simply write L,(g,s). In
particular, since the p-th Fourier coefficient a, of the newform ¢ of the Introduction is +1,
hence a p-adic unit, ¢ possesses a p-adic L-function L, (¢, s) attached to it. We set

L(E,s):=L(¢,s), and L,(E,s):=Ly(¢,s).

Both the complex and the p-adic L-functions satisfy functional equations with respect to
the substitution s — 2 — s. More precisely, if we let

AE,s) == N*2(2m)°L(E,s) and A,(E,s):= (M)*?L,(E,s),
then
AE,2—-s)=—-w,A(E,s) and A,(E,2-3s)=—w,A(E,s), (35)

where, as before, wy (for d|N and (d, N/d) = 1) is the eigenvalue of the Fricke involution
Wy of (11) acting on ¢. [Needles to say that in the first functional equation s is a complex
variable, whereas in the second s represents a p-adic variable.] More generally, for any
quadratic Dirichlet character y of conductor prime to IV, the sign in the functional equation
satisfied by L(FE,x;s) is equal to —w, x(—N). The relationship between w, and w,, is
given by a result of Atkin and Lehner as

Wy = —apw,,. (36)

This relation is indeed equivalent to the equality w, = —a, (cf. [GS]).

5.2 Mazur-Kitagawa p-adic L-function

The p-adic L-functions L,(fx, s), associated to the weight-k-specialisations of h, can be
packaged into a single two-variable p-adic L-function. Mazur and Kitagawa were the first to
construct examples of these two-variable p-adic L-functions attached to any ordinary A-adic
cusp form (cf, §3 of [GS]). This C,-valued function L, (he; &, s) is p-adic analytic on U X Z,,,
and for each integer k > 2 in U, interpolates the p-adic L-function L,(fz,s) in the sense
that

Lp(hoo;ka S) = )‘(k)LP(fk’s)v (3 € ZP)

34Ordinary” simply means that the p-th Fourier coefficient ap(g) is p-integral.
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where A\(k) is as in the Equation (30). More generally, one can attach to ho, and a quadratic
Dirichlet character y a p-adic analytic function which likewise interpolates the twisted p-adic

X
L-functions Ly (f, x;s). Thus, let x : (%) — {£1} be a primitive (quadratic) Dirichlet

character of conductor f, and as before, let 7(x) denote the Gauss sum attached to it.

Definition 5.1. The Mazur-Kitagawa two-variable p-adic L-function associated to h., and
X is the function of (k,s) € U x Z,, defined by the rule

f s—1

pa —s— pa

Ly(heo, x; K, 8) = Zx(ap)/zx . (w— fy) y* 5 dp{oo — 7}-
p X%p

a=1

As alluded to in the first paragraph of this section, the function L,(ho, x; &, s) satisfies
the following interpolation property with respect to special values of the classical L-functions
L(fx, x;s). For a proof, the reader is referred to [BD2].

Theorem 5.2. Suppose that p { f, and that 1 < j < k — 1 satisfies x(—1) = (—1)7 " g(c).
Then, for k € U N ZZ2, we have

Ly(hoo, X, k, ) = M) (1 = x(p)ap(k) "9~ )L (fi, X, 5)- (37)

Remark 5.3. Theorem 5.2 can also be rewritten in terms of the form fk as

Ly(ha, X, k, §) = Ak) (1 = x(p)ap(k) "9 ") (1 — x(p)ap(k) ¥~ L* (fi, X, 5)-

Note in particular that, after specialising to j = k/2, one sees

Ly(h, o b, k/2) = ME) (1= x()ay (k)95 ) " L (i . b/2). (39)

That the Euler factor appearing in this formula is a square will play a significant role in
later applications.

6 Optimal Embeddings of K

We continue to assume that K is a real quadratic extension of Q with discriminant A.
Recall the elliptic curve E of the Introduction all of the prime divisors of whose conductor
are assumed to be split in K (the so-called Heegner hypotheis). This in particular implies
that ged(N,A) = 1 and that the discriminant A is a square modulo 4N. We fix once and
for all one of the square roots of A modulo N, and denote it by vA (mod N). Another
consequence implied by our running assumption is the equality

sign(E, K) =1, (39)
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where sign(FE, K) denotes the sign in the functional equation satisfied by the L-function
L(E,K;s) of E over K. See [GS], §3 or [BDO0] for an explanation of this relation.

Definition 6.1. A Q-algebra embedding ¥ : K — Mg (V) of K is called optimal of level
N if

VU(K)NMp(N) =9(0k),
where

MO(N):{<Z Z)GMQ(Z) ; N|c}.

That such embeddings exist is a consequence of Heegner hypothesis. In fact, one has the
following lemma whose proof may be found for example in [BDO], p. 185.

Lemma 6.2. An optimal embedding of K of level N exists if and only if the Heegner
hypothesis holds, namely, if and only if all the prime divisors of N are split in K.

We remark that if ¥ is an optimal embedding, then so is the conjugate embedding
U =4Oyt K — Mo(N), a—y¥(a)y !, (40)

for all v € Mg(N)*. Indeed, the group Mg(N)* acts transitively on the set of such ¥’s
and the set of equivalence classes of this action is in bijection with the ideal class group of
K. Even, more is true.

Lemma 6.3. Let h (resp. h*) denote the class number (resp. narrow class number) of K.
Then there are exactly h (resp. h™) distinct optimal embeddings of K of level N, up to
conjugation by Mg (N)* (resp. T'o(N)).

Proof. See either of [P] or [BDO] or [D] for the details. O

Definition 6.4. Let ¥ be an optimal embedding of K of level N. Attached to ¥ is the
binary quadratic form

Qu(X,Y) =cX?+ (d—a)XY — bY?, (41)

where ( Z Z ) = U(v/A). Since A > 0, the equation Qg(z,1) = 0 has two real roots

7 and 7. Indeed, these are the fixed points of the action of W(K*) on P1(Q) by Mdobius
transformations. We now put

/
wo (1)@= (1) mmmeome o
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Remark 6.5. It will be important for later use to know the variations under conjugation
of the quadratic forms Qg (X,Y’) and the Z,-lattices Ly associated to optimal embeddings.
Such relationships are readily verified to be given by

Q'y\ll'y_l(X7 Y) = (det ’Y) ’ (Q‘P"Y_IMX? Y)7 L'y\I/'y_l =7Lyg. (43)

We should also notice that the Zy-lattice Ly associated to WU is preserved by the action of
U(K). One may order the two eigenvectors e and €’ of this action in such a way that for
any o € K,

U(a)- e = ae.

We end this section with another lemma whose statement will be of some use afterwards.
Before doing so, however, one more definition is required.

Definition 6.6. Let L be a Z,-lattice in QZ. The generalised index of L, denoted by |L|,

ord,y

is defined as p , where v is any element of GL2(Q,) satisfying ’Y(Zg) =1L.

One easily verifies that the generalised index of any lattice L is independent of the choice
of v. What is less trivial is the fact that the generalised index of the lattice Ly is related to
the quadratic form @, . This relation is descried precisely in the last lemma of this section
whose proof may be found in [BD2], §3.

Lemma 6.7. The function ord,Q,, is constant on Z;e x Z;e'. More precisely,

ord,Qu (7, y) = ordy|Ly| on ZyexZLxe. (44)

7 Yet Another p-Adic L-Function Attached to £ and K

As explained in the Introduction, the main goal of this paper is to show the existence of a p-
adic analytic function interpolating a certain g-twisted sum of Shintani cycles whose second
derivative, evaluated at k = 2, is intimately related to global points on the elliptic curve E of
Introduction. This section aims at the construction of such function. We attain the notation
of the previous sections. In particular, we recall that €, denotes the fundamental unit of K
of positive norm. Guided by the lattice functions in §2 and §3 of [BD2], we introduce the
following lattice functions.

Definition 7.1. Let the symbol £ (resp. [£, £]) stand for the set of all Z,-lattices L in Q3
(resp. all pairs (L1, Lg) of Z,-lattices in QZQ, where Ly is contained in Ly with index p.) The
V1 (C,p)-valued modular symbols ¢k (L1, L2) and é,(L) are respectively defined on [£, £] and
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£ by the formulae

ck(Ly, Lo){r — s}(P)

Pdp, {r — s}, 45
Lo
LiNLY,

c(L){r — s}(P) = /L, Pdu, {r — s}. (46)

Using the invariant property (34) of Proposition 4.4, one immediately verifies that both ¢
and ¢ are Y -invariant in the sense that for each v € ),

cr(YLy, yLo){yr — ysHP ™) = (L, Lo){r — s}(P), (47)

e (YD) {yr — s Py = é(L){r — s}(P). (48)

Another simple observation is that both ¢; and ¢, are homogeneous functions of degree
"2, namely,

ck(pL1,pLy) = p*?ci(Ly, La),  éx(pL) = p"2éx(L). (49)

Lemma 7.2. (Main Identity) For any pair (L1, Ls) in [£, £], we have

(1= ap(k) 'p" H)ew(Ly, L) = &(L2) — ap(k) ' éx(pLy)
= ¢x(La) — ap(k) ' p"2ek(Ly). (50)

Proof. Recall the standard lattice L, = Z, @ Z,, of Section 4. Let us also introduce L, :=
2y @ pZy, which is a sublattice of L, with index p. It is a simple matter of computation to
see that

1
];L;omL;:przg, LLNLL, =2} X pZy. (51)

The usefulness of introducing these lattices arises from the fact that in the special case where

1
L1 = *Looa and L2 = L*,
p

the statement of the lemma is just a manifestation of the identity
Li{r — s}(P) = Li{r — s}(P) — ap(k) 'L {07 'r — 67 's}(P|0); (52)

an identity which is implicit in the proof of Proposition 2.3 of [BD1]. Here 6 is any element
in the group Y of (33) satisfying®

0(-Loo) = Ly, 0(L,) = Loo. (53)

40f which there are infinitely many.

19



The second remark to follow is that the group > acts transitively on [£, £] (cf. [BD2]).
These two facts combined will yield the general case. To see this, given an arbitrary pair
(L1, La) in [£, £], let us choose v € > to satisfy

y <;LOO> =L, ~(L.) = L. (54)

Replacing 7, s and P respectively by v~ !r, y~!s and P|y in (52) and multiplying the factor
(k) (1 — a,(k)~2pF=2) to both sides of the resulting equality, we arrive at

k)L = ap(k)2p" ) {ytr — 7 1s}H(Ply) =
= Ak)(L = ap(k) 2 O {y i — v LsH(PY)
— ap(k) AR (1 — ap (k) 2pF L {07y — 071y s H(P ).

By applying (31) this can be rewritten, in light of (51), as
(1= ap(k)72p*2) [1 1, p, (PI)dpad{y ™t — 57 1s} =

= /L (Ply)dp{y~'r —~7's}

*

— a® [ (PO ds =07

*

= [ ®Phdutrir—a7ts)
L

/
*

— @ [ (PR =)

[S)

where the last equality follows from the invariant property of (34) under #. This last equality
can be rewritten in terms of the lattice functions ¢, and ¢ as

(1- ap(k)’Qp’“’Q)Ck(%LwL*){v’lr =7 'sHPly) = a(L){y'r =y sHPlY)
— ap(k) ek (Loo) {7 'r = v s}H(Ply).

Applying the invariant properties of ¢ and é; of relations (47) and (48) under + shall now
finish the proof. O

Definition 7.3. Let [¥] be a class (under cojugation relation and represented by W) of
optimal embeddings of K of level N and put v, := (e, ). Also choose an arbitrary base
point zg € P1(Q) on the extended upper half-plane. To this data we associate

K—2
(0 = [ Q) T,z = ) (55)
ZyexZy e
k=2 k=2
= |L‘I’| 2 / Qq/(xvy) 2 d:u\p{zo_)zxp}’
Z;,(eXZ;fe/



where, in order to ease the notation, we have written u, (resp. z,) in place of the measure
associated to Ly (resp. in place of v, zp).

Remark 7.4. For one thing, note that the second equality in Definition 7.3 follows from
the relation (44) of Lemma 6.7. For another thing, one sees easily that the very same
lemma together with the relations (43) imply that the integral appearing in the definition of
L,(¥, k) is unchanged if ¥ is replaced by y¥~~!. Finally, that the definition of £,(¥, ) is
also independent of the choice of the base point 2 follows from the following general lemma.

Lemma 7.5. Let L be a Z,-lattice in Qg, let F' be a homogeneous function of degree k — 2,
and let X be a compact-open set in W. Now let v € > preserves L, F and X, i.e.,

vyL=L, ~X=X, F|y=F

Then for any r, s € P;(Q), we have

/X Fdup{r — or} = /X Fdup{s — os). (56)

Proof. According to the modular symbol property, we have

/quL{r—>s} + /Fd,uL{s—vys}:
X X

N
X

/ Fdpp{r — yr} + / Fdup{yr — vs}
X X

| Pt —ary+ [ (Fdu (e - 5)
X X

v

/quL{r—>7r}+/ Fdur{r — s},
X X

where the penultimate equality follows form (34), whereas the last equality follows from the
trivial action of v on L, X and F. A simple cancelation now completes the proof. O

Our next objective is to prove a formula expressing £,(¥, k) in terms of the lattice function
¢i. Before doing so, however, let us first introduce some useful natation which will lighten
the exposition. We fix once and for all a prime ideal p of K lying above p and will write o}
for the Frobenius element associated to p. As explained on page 416 of [BD2] in details, one
has the following relations

o)Ly = 0} (Zpye © Zye') = P’ Lye ® Zye, forall j € Z.

Therefore, for each 7, O’%L‘p contains (resp. is contained in) o? 'L, (resp. agflL\p) with
index p. For any j € Z and any k € U N Z>2, we set

k—2 k—2
2

P = [op Ly |~ oy Ly ) 20 — 2, 1@, ):

o
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Whenever convenient, we remove ¥ from I‘g ) [¥] and simply write T

ambegiuty.

,(cj ), if this results in no

Remark 7.6. If the lattice Ly happens to be L., then one computes

I = oL~ 7 a(od L) {0 — Wle, )20} (Q,7)

—j\ k=2 =

(detoy”) > [ Q.2 dp , {z0— ¥(e,)z0}

o} L Tp o
kE—2

[ (@uleh) T it w7 e )0}

AR) (1 = ap (k) 2" ) Ei{z0 — W7 (e )20} (@

e 1)¥) .57

Before stating the next lemma we remark that if ¢ denotes the order of o}, in the group
Cj, since of is trivial, I), as a function of j € Z, is t-periodic, i.e., for all k € UNZZ2, we
have

ri+h — pl), (58)

We now assert that

Lemma 7.7. For any integer k£ > 2 in U, we have

1 -2, k— 1 k=2 (-
Lp(V, k) = W (1+ ap(k) *p" Q)FECO) — ap(k) 'pe (Fl(c 1)+F§€1))]- (59)
P

Proof. We should first remark that since the p-th Fourier coefficient a,(k) of the eigenform
fr is a p-adic unit (cf. Remark 3.1), the denominator of the fraction above never vanishes.
We now proceed the proof. It is fairly easy to see that the domain of integration in the
Definition 7.3 can be expressed as

ZyexLye = (o, 'L, NL,) — (L, NopL.).

Hence,

—2 k—2
LP(\I}ak) = |L, 77/ Q\I,Td/LL‘I,{ZO — 24}
Z;eleijez

E—2 )
N (/1 Q\I,2 d/'LL\I, {ZO - Z\Il}
oL NLY,

k=2
- Q\p2 d:uL\I, {ZO - Z\If} :
L, Noy L,

|
=
§
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Now we use the lattice functions ¢, and ¢, to rewrite the above equality as
—k2 -1 =
Lpy(W k) = [Ly|7 = |er(oy Lu, Lu){z0 — 2, HQy® )

- %(k)1Ck(L\1uO’pL\If){ZO*%]’(Q;ZQ)]

|Ly|” 2

T 1—a (k)2 l(ék(L‘I’) - ap(k)_lpk_zék(ap_quz)> {z0 — Z\D}(Q?)

- o0 (eent) 0 ) ) 20 ) @)
Le|= 7

1—ay(k)-2ph—2 (14 ap(k)"*p*?)éx(Lu)

k—2 k—2

. R _ _ k=2 k=2
— ap(k)Tp T <p20k(0'p 'Ly)+p~ Ck(ffpfw)ﬂ {20 = 2, H@Qy® )
Finally once we observe that
lol Ly| = p’|Ly|,  forall j € Z,

we may rewrite £,(¥, k) in terms of F,(cj)’s as

1 2 k210 1 k=2 (1 1
Lp(V, k) = T o, (k) 2p2 (14 ay(k)~?p" Q)FEC )~ ap(k)~'p (Fé ) "‘Fé ))]-
The proof is complete. O

The next proposition will pave the way for a proof of the interpolation formula of Propo-
sition 7.11 yielding part (7) of the Main Theorem.

Proposition 7.8. For any j € Z, write ¥; for the action of the j-th power of the Frobenius
element o, on W. Then, for all k € 722N U, we have®

2 2
L S 1—x, (p)ay(k)"'p" =) 1= o
>0 Ly(, k) = ( O ) > o ueyTy
=0 P p i=0

1—x, (p)ay(k)~'p~
1+, (p)ap(k)~'p

where as before ¢ is the order of oy in the group Gal(H;;/K).

5In this proposition, Fi is still a shorthand for Fi [].
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Remark 7.9. The second equality above is a simple consequence of the fact that since y,
is a quadratic character, x, (p)? = 1, and hence

1 k2 k—2

L= ay (k)22 = (1=, Py (0) "7 ) (14 3, (Pap (1) 7P 7).

Proof of the Proposition 7.8 Since p splits completely in K as pOg = pp’, as one of the
instances of (1), we have

8(op) = x, (p)-

Also as noted earlier, I‘,(j ) = I‘,(j . These two facts combined with Lemma 7.7 then allow

us to write the left hand-side as

(1+ap -2 k 2 le 7P(J)

-1

; 1

J - = —_—
jEzog(Up)‘Cp(\Iljvk) 1— ap(k;)—ka—Q

- T o (8 1>+r§g+”)]

1
1—a,(k)=2pk—2

t—1 -1

j=0 7=0

t—1
(1+a,(k) 72" 2) Yy, (pyTy)
§=0

Now we note that x,(p)? = 1, and that x,(p)" = g(0p)" = g(0},) = 1. Therefore we may
write

t—1 t—1
D@ T =3 @y,
j=0 j=0
and
t—1 — t—1
1nG4) . o
S I = S T = 3 (T
j=0 j=0 J=0
Putting all this together yields
t—1 1 0
J _ 2 k— 2 J
j;g(ﬁp)ﬁp(‘llj7k) = T k) 2 (1+ap(k ZXI )’Ty;

- Xi(P)ap (le JF(J)+ZX ]F(])]

1+ ap(k)72pF % —2x, (p)%(k)*lpT
- ( 1— a, (k)25 )5 le yry)

pk2

1—x, (pay(k)~ 1pk22 =
= ( T a, (k)2 )5 le YTy,
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This completes the proof. O

We are now ready to define the p-adic analytic function £,(E, K, g; k) alluded to in
Introduction.

Definition 7.10. Fix once and for all an optimal embedding ¥, and without loss of gen-
erality, assume that its associated lattice is the standard lattice L. of (27). To the data
consisting of the elliptic curve E, the real quadratic K and the genus character g we attach
the p-adic analytic function £,(E, K, g; &) of the variable x € U defined by

L,(E,K,g; k) := Z 9(0)L,(T7, k), (61)

UEC;E
where as before C;g is the narrow ideal class group of K. Let us also set

LP(EaKag;H) = ‘CP(EaKag;H)Q' (62)

As reflected in the terminology, £,(E, K, g; ) enjoys the following interpolation property.

Proposition 7.11. (Interpolation Formula) For every k € ZZ2 N U, we have

Ly(B. K, g:k) = AK) (1—X1(p)ap(k)—1p¥)2
x| 2 9(0)Cfk ¥ ()
ceCk
= A0 (1 D))
1 Y7 (eg)zo ko2
X Z Q(U)Qk/zo k(2)Qy. (2,1) 2 dz

JGC;

Proof. Let R denote a set of representatives for the quotient group Cj /(o). Therefore,
any element of C} has a unique representation of the form 50,{, as § runs through R and
0 < j <t—1. Equivalently, for any § € R, if we write \IJ‘; for the optimal embedding
obtained from acting the j-th power of o, on U9, then every equivalence class of optimal
embeddings of K can be uniquely written as [\I/?-], where 0 < j < t—1, and § € R. Therefore,
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we have

E;D(E7Kvg;’i) = Z g(a’)ﬁp(\llgﬂg)

I
(=}
—~
(o9
~
Iy
3
—
=
.o
=
~

k—2 t—1

_ 1- X1 (p)ap(k)_lpz g((s)le(p)]rg)[\llﬂ
) P2 ser j=0

The last remark to follow is that, without loss of generality, we may assume that the Z,-
lattice associated to the optimal embedding W is the standard lattice L,. With this con-
vention, and by invoking Remark 7.6, we deduce that

_ a -1, 552 t-1 o
L(E.K.gin) — 1+§$ EZ;i 8(0) > v, (p) T )
1\P)ap 2 SeRrR j=0
_ L ®a) T
L+, (p)ay (k) p™= =B
t—1
<3 a0) | Yo BV Iz — W0 (e)20} (@ ang (5,1)F)
SER j=0

= AR —x, (P)ap(k) " 1p T ) x
X Z Q(U)ik{ZOH\IJU(eK)ZO} (Qw(z’ 1)%) )

G'GC?;

But this last equality is equivalent to the statement of the proposition, and we are done. [

The next proposition justifies the designation of the term “p-adic L-function”, since it
will give an interpolation formula for the central critical values of the complex L-functions
L(fk/K,g; s). However, it is not £,(E, K, g; k), but rather its square, which make an ap-
pearance in the interpolation formula. The same phenomenon will be observed in the Fac-
torisation Formula of Proposition 7.14. We cannot say much about the factorisation of
L,(E,K,g; k), yet we will be able to decompose its square into the product of two restricted
Mazur-Kitagawa L-function.

Proposition 7.12. For any k € U N ZZ2, we have

-1 k_2>4w11(fk/[(7g; k/2). (63)

. — 2 =
Lo, K, g k) = A2 (1= (ay (079" ) =5 s
Proof. The result is a direct consequence of the last proposition together with the following
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crucial identity

2

Vle)zo ko A (B
> o) [ Fe(2)Quo (5 1) 2z | = 222D i gikg2).
o (27i)
O‘GC;
For a proof of this formula the reader is referred to the page 862 of [P]. O

Remark 7.13. By setting

VAG DR bk giky2)

L*(fk/Kvg; k/Q) = (27Ti)k_29i

the statement of the proposition above can be rewritten as

kE—2

MY (1=, @)ap k)~ p"F ) A L (/K g: /2

2

= A0 (1 D0 F) AT L (/K k) (60

valid for all k € Z=2 N U. Notice that the second equality follows from (24), (25) and (26).

Finally, a crucial ingredient used in the proof of the Main Theorem is the following
formula which furnishes a factorization for L,(E, K, g;x) in terms of restrictions to the
central critical line k = 2s of two Mazur-Kitagawa p-adic L-functions.

Proposition 7.14. For all k € U,
Ly(B, K, g;k) = A7 Ly(hoo, X, 5, 5/2) Lp(hoo, X K, 5/2).
Proof. Since the two sides are continuous functions of x € U, and since U N Z=?2 is dense in
U, it will suffice to prove the statement for k € U N 722, Having made such observation,
just by comparing relations (18) and (26) with fi in place, in light of (25), we deduce that
L*(fu/ K, 0:k/2) = L*(frs X, k/2)L* (frs X23 K/2). (65)
On the other hand, the formula (38) with x = x, and x = x, respectively reads
q k=2\?2 4
Ly(hoc, 45K, £/2) = AR) (1= % 0)ap(0) 707" ) L (fus x5 K/2), (66)
and
k=2 2 ~
Ly(Boos Xai ks k/2) = A(K) (1= 2 (P)ap (k) 97 ) L (i i /2). (67)

Since p is assumed to be split in K, we have x, (p) = 1. This in turn implies that x, (p) =
X, (p). The desired result is now an immediate consequence of (64), (65), (66) and (67). O
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8 Proof of the Main Theorem

We have gathered all the necessary materials needed to prove the main result of this article.
Before we proceed with the proof and just for convenience, however, let us first recall its
statement.

Theorem 8.1. (i) The mapping which to any k € UNZ>? assigns Z a(0)C(fr, U7 (€,.))
UEC;
extends, in a suitable way, to a p-adic analytic function L,(E, K, g;k) on U.

(ii) Suppose further that E has at least two primes of multiplicative reduction, that x, (—N) =
wy and that x, (p) = ap. Then:

(a) L,(E, K,g; k) vanishes to order at least two at k = 2;
(b) There exist global points Py € (E(Q(v/01)) ® Q)X1 and Py, € (E(Q(v/02)) ® Q)*>

and a rational number t € Q* such that

d2
Wﬁp(EvKaEl;"ﬂ) hey thgE(le)logE(PXQ)Q

(¢) The two points Py —and Py are both of infinite order if and only if

L"(E/K,g;1) # 0.

Remark 8.2. For a semistable elliptic curve E, the technical condition of an extra prime
of multiplicative reduction is automatically satisfied if the sign in the functional equation
satisfied by the L-function L(F, s) is minus one. For, such curve must have an even number
of primes of multiplicative reduction.

Proof. (i) This part is merely the content of Proposition 7.11.

(i1) (a) We first remark that since all the prime divisors of N are split in K and since
K is a real quadratic field,

XK(_JV)::XK(p)::L
We also recall that x, - x, = x,. It follows from this and from the running assumptions
X, (—N) =w, and x, (p) = a, that
X (=N) = (=N) =wy, X, () = x:(p) = ap.

So, the characters y, and x, both satisfy the two conditions of Theorem 5.4 of [BD2|. Hence,
the L-functions
L,(E,x,;s) and Ly(E, x,;9)
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have each an exceptional zero at s = 1, and therefore the two restricted to the line s = /2
Mazur-Kitagawa p-adic L-functions

Ly(heo, X, 3k, 6/2)  and  Ly(heo, X,5 K, K/2)

vanish to order at least two at k = 2. It follows from the factorisation formula of Proposition
7.14 that the function L,(FE, K, g; ) vanishes to order at least four at k£ = 2. On account of
(62), part (a) follows.

(i) (b) Part 2 of Theorem 5.4 of [BD2] also guarantees the existence of two global points

Py, € (E(Q(Vo1)) @ Q)

and

Py, € (BE(Q(V2)) ® Q)*

and two rational numbers [y,ls € Q* satisfying

d2
%Lp(hoo, X136, 6/2) ‘k:2 =1 logQE(le ),
and
s Ly(Boe ik, /2)| = 2 logh(Py, ).

On the other hand, as we just saw, L,(E, K, g; x) vanishes to order at least four at k = 2,
or what amounts to the same thing, £,(E, K, g; k) vanishes to order at least two at k = 2.
It follows from this and the vanishing properties of the two Mazura-Kitagawa p-adic L-
functions at k = 2 mentioned to above that

1 d*

42 2
<‘CP(E’K79;K’)’]C_2> = 6%LP(E7K793KJ)‘

dk? k=2

d? d?
= (MLp(hooa X135 Ky K:/Q)’k_2> (WLp(hooa Xas Ry K/Q)’k_Z)

= hilylogh(Py, ) log(Py,)- (68)
Next we remark that according to part 4 of Theorem 5.4 of [BD2],
b =" ="L"(¢,9; 1) (mod (Q%)?), (69)

where v can be any quadratic Dirichlet character satisfying

e (1) =1 for all [ dividing N/p;
* ¥(p) = -1
o L(f,9;1) #0.
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It is readily seen from (69) that 11> € (Q*)2. Combining this fact with (68) establishes the
proof of (b).

(i) (c) The conditions satisfied by the character x; (j = 1,2) imply that the sign in
the functional equation satisfied by L(FE, x;,s) is minus one (see the last paragraph in the
Subsection 5.1), and therefore we have

L(E,x,;;1) =0 and  L(E,x,;1) =0.

On the other hand, by invoking Theorem 5.4 of [BD2] one more time we see that the point
Py, (j = 1,2) is of infinite order if and only if

L'(B,x;;1) # 0.
However, these last two non-vanishing conditions, in light of the relation
L(E/K,g;s) = L(E,x,; s)L(E, x5 5),
(compare also to (25)) are equivalent to
L"(E/K,g;1) # 0.

This completes the proof. O
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